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According to Gauss' principle, the actual accelerations of a system of par- 
ticles minimizes a certain function of the virtual accelerations. It will 
be shown below that an analogous assertion is valid with respect to the con- 
straint reactions: the actual reactions minimize a certain function of the 
virtual reactions. 

Consider a holonomlc system, subject to the Ideal constraints 

fk 6% - * -7 x,, t) = 0 (k = I, . . ., p) (1) 

Let us form the sum 
S = 'lz 2 Mi (Wi - WiO)S (2) 

where ??a1 Is the mass of the Cth particle, W, is the accelaoration imparted 
to it by the applied force B and the reaction I,, and W is the accele- 
ration which this particle would have at the instant t if khe system were 
not under the Influence of the applied forces tfor 
cities of all particles of the system). The sum (2 7 

lven positions and velo- 

leratiqns n,, 
depends u~o; theda;;z- 

and since these depen&ln turn, upon the forces 
reactions N then, for given B,, 
Investigate cl& 

the sum is a function of the 'N,. Let us 
functional dependence. 

Let us denote the true reaction by N,, and use the symbol N,l to denote 
arbitrary reactions which are compatible with the given constraints. More 
precisely, N,' will denor;e arbitrary reactions which satisfy condition 

x Nl 6ri = 0 (3) 

where br, are virtual displacements compatible with the constraints (1). 
(Reactions which do not.satisfy (3) are obviously not compatible with (1)). 
Let us now replace the actual reactions I, by arbitrary reactions N' which 
satisfy (3). Then the accelerations n, take on the values w:-(b,'+ b')/m 
(which are, In general, incompatible with the constraints), and the s& (21 
receives an Increment AS, 

AS = 2 mi (Wi - Wi’) AWi f ‘It 2 mi (AWi)’ (Awi = wi' - wi) (4) 

Further, since the applied forces r, are given, one has 

mi Awi = Ni' - Ni= ANY 
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and therefore 

AS = r, (wi-wio) ANi-;- '/*x mi(Awi)z (5: 

Let us compute the first term of the right-hand side of (5). From (1) we 
obtain 

&&+&0 (6) 
3 

2 2 xi”+cpcqr . . ., x,, x1’, . . ., xi, t) = 0 
I 

(k = 1, . . ., p) (7) 

Consequently, for fixed ~~,...,x,,x,,...,x,,t we must have 

2 $ (zj”- “i”O) = 0 (k = 1, . . .( p) 

where '* and x **O are the components of the accelerations 
Cornpar& Equatloh (8) rlth Equations 

wi and w,O. 

2 $Jxj=O (k = 1, :. ., p) 

which define the actual displacements 
satisfy (g), and thus also satisfy (3) f 

and keeping ln mind that the 6x, 
, we arrive at the conclusion that 

x Ni'(wi -wio) = 0 (10) 

Thus since (10) la valid for arbitrary reactions #,' satisfying condl- 
tion (3j, and hence, In particular, it must also hold for the actual reac- 
tions %,, we have 

x Ni(wi-wwi") = 0 (11) 

From (10) and (11) we now obtain that 

~(w~-w~,“)AN,=O (ANi zz Xi’ - Ni) (I”) 

From (12) and (5) we conclude that AS > 0, that Is, that the replacement 
of the reactions #, by arbitrary vlrtuti reatitlons I,' leads to the Increase 
of the sum (2). Consequently, If the sum (2) Is regarded as a function of 
the virtual reactions, then in the case when these reactions coincide with 
the actual reactions, the sum considered has a minimum value. 

If we repeat the eonslderatlons of the above proof In the case of Impact, 
we obtaln the following theorem: the Impact impulses of the virtual reac- 
tions are such that they minimize the sti 

S = I:* x ,,zi (Vi - vi")2 (110 

(the energy of the Muted velocities). Here, ~~~1s the velocity before 
-act, and V, Is the velocity after impact, and the latter is conaldered 
as a f'unctlon of the Impact Impulses of the virtual reactions (for given 
impact Impulses of the acting forces). 

Translated by J.B.D. 


